Purpose: This work intends to establish a new methodology to quantitatively measure the initial position and evolution of outsourcing in a public administration.
Introduction
Outsourcing has been the response by the private sector to the needs of companies to deal with the current constantly changing competitive environment (White & James, 2000) . The scenario usually requires companies to generate greater flexibility and adaptability in order to reduce fixed costs and to focus their efforts and resources on those processes in which they are specialists. Therefore, the aim of this management tool is for an entity outside a particular organization to take responsibility for performing one or more services on its behalf. New Public Management, commonly known by the initials NPM (Montesinos & Gimeno, 1998) seeks to improve efficiency, effectiveness and transparency as key elements for decision-making (Christensen, 2006) . This interest has arisen primarily as the result of the financial crisis and the problems with budget management experienced by many public administrations (Lodge & Hood, 2012) . Therefore, given that public officials are looking for tools to help them improve the management of the services they provide, and taking into account that outsourcing has been a management tool proven by private companies to be capable of providing greater flexibility, greater adaptation to changes, cost reduction and/or restructuring and a focusing of efforts on those products and/or services in which the organization specializes (Savas, 2000) , accepting that the public administration has options in order to outsource (Mas, 2000) , in this work, we try to analyze certain matters related to outsourcing in the local public administration. Furthermore, some authors (Van Slyke, 2003; Johnston & Girth, 2012) argue that the use of these "market" tools increase transaction costs, i.e., that implementing control systems in order to certify that outsourcing generates efficiency and efficacy can prove to be too expensive.
In addition, great competition among service providers can create pressure on production costs and thus trigger a drop in transaction costs (Johansson, 2008) . In turn, if a sort of oligopoly exists among the service providers, they are aware of the difficulty in replacing them and, one way or another, they increase the transaction costs (Brown & Potoski, 2004) .
However, in order to decide on the activities that are suitable for being outsourced, an internal analysis must be carried out of the organization, establishing clear strategic objectives and evaluating the capacities and resources the organization has to achieve the objectives with maximum possible efficiency and efficacy (Espino & Padrón, 2004) . Based on this analysis, the activities, processes and areas of the company must be chosen that are not essential to it, that provide little or no added value or those in which the company is not specialized and has no interest in doing so.
It should be explained that the outsourcing of public services consists of transferring to an external organization, through the refinement of a certain contract model, but without this means transferring the responsibility of the service to the external entity in any case (Mas, 2004) . Consequently, the service continues to be a public responsibility, as does its planning, control and evaluation, and as a result, in no case can it be considered that this constitutes a situation of privatization of the public service (De los Mozos, 2003) .
The present work intends to create a tool to evaluate the degree of compliance with the outsourcing objectives set by the public administration. Using this tool, the public management would have a quantitative instrument capable of improving the degree of fulfillment of the objectives set in the outsourced public services.
In order to achieve the above goal, the work begins with a section analyzing outsourcing in the public sector. Following this, a section is presented on vague statements and the fuzzy set theory (Zadeh, 1965) , the methodological basis for the mathematical tool. The next section will present in detail the mathematical tool "the generalized index of maximum and minimum level." Finally, an application of the possibilities the tool has will be shown in a specific case, based on a classification of the mandatory and non-mandatory services that a town council must provide. The work ends with the conclusions and bibliography sections.
Analysis of outsourcing in the public sector
Of the different theoretical approaches to organizational decision-making, if we focus on organizational theory (Mouzelis, 1989) , we will realize that its relationship with the public administrations has been rather complicated. This has been even truer in recent years, as the latter have taken on new functions and objectives that have triggered important changes in their composition and structure.
First of all, we have to assess whether the theoretical conceptions of organizations can apply to such a specific area as the public administration. While it is true that all organizations are basically identical in terms of their elements, characteristics and problems, on occasion certain insurmountable differences appear. In this sense, public organizations have needs that are similar to those of organizations in the private sector with regard to attaining their objectives in an effective, efficient manner, which is why it is accepted that their more operational areas can benefit from the knowledge and tools related to organizational theory.
Nevertheless, there are certain elements that mark the public administration as a different type of organization, such as the fact that public entities do not choose the environment in which they act, rather this is defined by regulations, while the private sector positions itself wherever it sees the possibility for profit or expansion. Likewise, the environment surrounding public management is much more complex, which increases the needs for negotiation, and governmental organizations are more vulnerable to the pressures of a political nature in short-term electoral conflicts. Furthermore, the management of human resources in the public sector is much more conditional, in terms of both the selection and the promotion or exclusion of its staff members, making it very difficult to reward the excellence of managers. Other underlying aspects of the public administration are the degree of control, the lack of flexibility in the management of financial resources and the absence of the sensation of risk. Therefore, there are elements to justify the public administration as a different sort of organization, although to implement certain management mechanisms from private enterprise, there must be a separation between the political level and the technical level.
If we wish to apply a tool such as outsourcing to a specific sector like the public administrations, we must analyze how it has functioned in the private sector (White & James, 2000) , since it is here where the first steps were taken.
However, before considering subcontracting any of the functions to external companies, it is necessary to think about and answer certain questions in order to know what outsourcing needs an organization has. In fact, outsourcing does not make sense if the objectives can be met using internal resources (Viñas, 2012) .
The first step towards decision making is to clearly define the objectives, evaluating the internal options and, if appropriate, the suitability of having external partners, with the idea of obtaining a reference for achieving the planned benefits, i.e., setting objectives that make sense and that can be measured. However, the process for setting objectives is more difficult than it would seem, because many times it becomes an imprecise task. In order to avoid this, we must define management indicators (Brusca, 1997) , detect the needs of future users, evaluate the influence of these on the required change and analyze the technological innovations needed to develop it.
Once the objectives have been clearly established, the own potential must be evaluated, i.e., calculating what the maximum theoretical capacities are that our current structure can utilize, assuming the different internal limitations. If this theoretical potential is insufficient to meet the company's objectives, we can contemplate the purchase of outside resources as an alternative to our internal restrictions.
Once the internal situation of the administration is analyzed, we must focus on what the generic reasons are for outsourcing the services. First of all, there is a matter related to the fixity of the costs, in other words, the possibility of converting some of the fixed costs into variable costs, primarily in reference to staffing costs, and the reduction of investments and inventories. Secondly, increasing the flexibility of the organization, prioritizing the areas in which it is more effective and changing the priorities according to market conditions, may also be a goal. Furthermore, we can consider improving the efficiency of the public entity, achieving faster time cycles that improve the organization's performance and that are more permeable to innovative ideas. Finally, there is gaining access to new markets and service opportunities through the supplier network , expanding operations without the need for extraordinary financing.
Outsourcing is applicable to all processes or areas of the organization where resources are consumed without contributing any added value. They generally consist of activities that make intensive use of current expenses, that form part of specialized or support services, that are subject to an excessively changing market with difficulties to recruit employees or that, for technological reasons, require a large investment.
When an organization decides to resort to outsourcing, it must consider what criteria it will use for this purpose and what the consequences will be. Therefore, if an organization outsources due to a lack of resources and capacities in certain areas, the need to concentrate on the main activities or the existence of unimportant factors that can be acquired in the market, the size and structure of the organization is normally reduced.
Consequently, we must analyze which are essential resources and which do not contribute any specific value to the organization. According to this, any valuable or irreplaceable factor constitutes an asset that is too specific to be contracted outside the organization, while the factors that are more efficient in the market must be acquired in it.
In this sense, an organization should invest in those factors that constitute basic competences, i.e., those that permit it to obtain a long-term competitive edge that is normally achieved through group learning. These competences are directly related to the users' needs and the organization must perform them better that its competitors.
For this reason, outsourcing, from the perspective of basic competences, permits the organization to focus on innovation, eliminating the inflexibility of fixed resources and improving its knowledge by taking advantage of the experience of its suppliers. Therefore, those activities that do not provide a suitable result in terms of cost or performance must be outsourced outside the company (Santolaria, 2004) . Likewise, in the area of processes, performing certain activities within the administration in which it is not necessary to differentiate the organization in order to obtain a competitive advantage can have very high production costs, which is yet another reason to outsource them.
In summary, we can cite the words of Professor Argyres (1996) when he proposes that "organizations will vertically integrate those activities in which they have more experience and organizational skills than their suppliers and outsource those others in which they have lesser capacities, except in those cases where they have decided to accept high costs over the short term, while the capacities are being developed." However, in the decision-making process regarding outsourcing in the public sector, areas suitable for outsourcing will be identified, excluding those that clearly need direct management and justifying the technical criteria for those that can be managed indirectly.
On the one hand, the functions excluded from outsourcing will be those that depend primarily on political decisions, i.e., in which the ideological criterion takes precedence over the technical aspect, and those that generate the discretionary exercise of authority, i.e., those functions that, in legal terms, imply imperium (Sosa, 1992) . One example would be the local police service, which has an important strategic value and likewise implies the exercise of authority.
On the other hand, once the non-outsourceable functions have been defined, we must differentiate between the functions that are generically outsourceable, where we find those that are intensive in terms of low-skilled human resources, those that are highly specialized, those subject to fluctuating workloads and those that are finalist, such as waste collection, and functions that are subjectively outsourceable, in other words, that need a subsequent analysis for their assessment, such as in the case of environmental protection. Accordingly, in this latter typology, there is an entire series of factors that must be analyzed. First of all, there is the strategic value, where the contribution of the function to the overall added value of the service is evaluated. In these terms, the lower the added value is, the greater the possibilities are of outsourcing. Secondly, there is the prevision of the evolution of its functions, with a special analysis of future demand, in such a way that greater demand results in less outsourcing. Thirdly, the stability of markets and resources must be considered, in the sense that a market that needs certain resources with very fast technological changes will involve functions that are good candidates for being outsourced. Finally, there are economic conditions, i.e., the competitiveness of the m arket and the transaction costs, in such a way that a high level of competitiveness and low costs will lead to outsourcing (White & James, 2000) .
Once the organization decides on what activities it wants to outsource, it is very important to have a good system to evaluate and control these outsourced public services. For this reason, we think it is appropriate to consider their design. As some authors propose (Mas, 2000) , we must develop a system for monitoring the outsourcing based on different considerations. First of all, to design a good monitoring system, it is necessary to define the basic variables we wish to review (quality, efficacy, efficiency, etc.) regardless of the type of service we are going to analyze. Secondly, specific indicators must be established for each service that will allow us to verify the status of each of the control variables that have been chosen, as well as to define the values that the indicators must reach in order to consider that the service meets the desired expectations. Thirdly, the methodology must be determined that will be used to collect all of the above information during the service provision and how often this control is to be performed, without eliminating the possibility of random controls. Finally, the supervisory team must be designated, as well as the design of the activities it must perform during the service provision.
In order to better analyze the processes of the different services, it is necessary to know the real situation of the town councils, according to current regulations on the local administration in Catalonia, and thus be able to evaluate the different typologies we can encounter.
First of all, within the area of competences, the town councils can, in the management of their interests, promote activities and public services to meet the needs of the citizens. According to the Law establishing the Bases for Local Government (LBRL), we can consider a series of issues to be the competences of the municipalities, such as urban development, the environment, social services, public transport, leisure, tourism, culture, sports, education, etc. In any case, based on these competences, according to the LBRL, the local governments must provide a series of services, according to the population of each. We will attempt to summarize these below.
All local governments must arrange to provide services related to public lighting, cemeteries, waste collection, street cleaning, domestic drinking water supply, sewer systems, access to population centers and the paving of public roads. In addition, towns with a population of more than 5,000 residents must also see to providing services related to public parks, libraries, markets and waste treatment. Likewise, towns with a population of more than 20,000 residents must also provide civil defense services, the evaluation and information about situations of social needs or risk of exclusion, fire prevention and fire fighting, as well as sports facilities for public use. Finally, towns with a population greater than 50,000 residents must also provide services related to urban public transport and protection of the urban environment.
The rest of the services will be considered non-mandatory services, but even so, they are incredibly important in the management of a local administration. According to the studies conducted in recent years (Mas & Vilalta, 2011) , the non-mandatory expenditure of the town councils in Catalonia represent more than a third of the total municipal expenditure. This non-mandatory expenditure is, to a large extent, a current expenditure and consists fundamentally of expenses related to employee remuneration, although the purchase of goods and services can also have a considerable weight. From a functional perspective, of particular importance are the areas of culture, public safety, education and housing, with aspects such as health care and transportation relegated to a secondary level.
Therefore, taking into account the previous characteristics, we could divide the services that can be outsourced into 4 groups. As part of a preliminary analysis, we will include some examples of each type. At this point, we realize that we must analyze the current situation of outsourcing in the local administration, since we have observed that there is not enough academic doctrine that establishes what the objectives are of outsourcing. For this reason, and since we will need to use quantitative aspects, it seems appropriate to propose tools related to the fuzzy subset theory, which we will discuss below.
Fuzzy subset theory
Deciding whether an object meets a certain property can be perfectly possible with certain statements, such as "less than 25 years old" or "owns an automobile." These types of statements are known as crisp statements. However, there are statements like "is intelligent" or "is kind", in which this classification can generate serious doubts in this regard. This type of statements is known as vague statements (Russell, 1923) .
Similarly, there are statements that cannot be classified as true or false (Łukasiewicz, 1920; Black, 1937) . Aristotle (De interpretatione, Chapt. IX) offered the opinion, for example, that the declarative statement "There will be a sea battle tomorrow" cannot be considered either true or false. His reasoning can be summarized as follows: if the statement at the time it was spoken is true, nothing can prevent a naval battle from occurring tomorrow. If it is false, the same thing occurs, in other words, there is no way for a naval battle to occur tomorrow. Therefore accepting that at the time it is pronounced, the statement is either true or false would mean that our future has always been and always will be predetermined, and according to Aristotle, this does not make sense, since in general, future events have the possibility of occurring or not occurring. With the emergence of the fuzzy subset theory (Zadeh, 1965) , a linguistic context was created with which to lay the foundations for problem solving under a new logical paradigm in which the value of the truth of a statement or the degree to which an object belongs to a set was not identified with yes or no values (Trillas, Alsina & Terricabras, 1995; Lazzari, Machado & Pérez, 2012) . In this new paradigm, it is possible to state the value with which an object in a set meets a property with a specific value of between 0% and 100%. Figure 1 shows one way of visualizing this idea. The figure forms a set made up of 884 squares that symbolize the objects in a set. Each square is painted in a shade somewhere between black and white, symbolizing the degree to which each object meets a certain property. The fact that the figure contains gray indicates that this subset cannot be considered as a classic subset of the reference set, since there could only be black and white colors, symbolizing that either the object meets a certain property or does not meet it. The acceptance of the fundamentals of the fuzzy subset theory allows us to find better solutions to general problems more simply for the same type of modeling (Linares-Mustarós, Ferrer-Comalat & Cassú-Serra, 2013; Linares-Mustarós, Merigó & Ferrer-Comalat, 2015; Linares Mustarós, Ferrer Comalat, Corominas Coll & ---Merigó,2019; Ferrer-Comalat, Linares-Mustarós & Corominas-Coll, 2016 , 2018 Corominas, Ferrer-Comalat, Linares-Mustarós & Bertran, 2017) , and to create new techniques that are currently used in various industrial applications, such as control systems used to focus video cameras or for vehicle brakes (Terán et al., 1987; Kaufmann & Gupta, 1988) .
Currently, the number of works that use fuzzy principles number in the tens of thousands, and the exponential growth of publications related to this topic leads us to think that there is still a long way to go with this topic.
The following section presents a tool that uses the fuzzy principles of the new theory. The tool will be the basis upon which we can establish a distance from an outsourcing position to the ideal outsourcing position.
Generalized index of maximum and minimum level
The index of maximum and minimum level (Gil-Lafuente, 2001 ) is based on a seminal proposal for solving a personnel selection problem by Gil-Aluja and Kaufmann (1986) . These authors used a distance between fuzzy subsets, which was designated as the Hamming distance, which makes it possible to obtain a numeric value that symbolized the idea of deviation between these two subsets.
Specifically, they defined the following distance function, in which X is the set [0, 1] x ... n−2 x [0,1].
As an example, if the characteristics sought in an employee were friendliness, good appearance and hard-work, and it is decided that the ideal worker is one who meets the first characteristic to a degree of 0.7, the second characteristic to a degree of 0.8 and the third characteristic to a degree of 1, given two candidates with scores of 0.6, 0.5 and 0.7, and 0.9, 0.8 and 0.6, respectively, the distance would produce deviation results of 0.7 for the first candidate and 0.6 for the second. As a result, it was suggested that the second candidate should be the candidate selected for the job position, since he had the least deviation from the ideal values (the mentioned works by the authors and the works applying the tool to the selection of personnel and athletes by Gil-Aluja (1996) and Grado (2006) contain excellent examples to consolidate the tool. Since later we will discuss semi-distances, it is necessary to know that a semi-distance is a definite application in such a way that it meets all the distance properties except the P4-b property).
It is easy to demonstrate that the application proposed by the authors was a distance, as it met the following properties:
P1 The identity property can at the same time be seen as the sum of the following two properties (since later we will discuss semi-distances, it is necessary to know that a semi-distance is a definite application in such a way that it meets all the distance properties except the P4-b property):
P4-a. d(x, x) = 0 " x Î X P4-b. If there are two elements x, y Î X in such a way that d(x, y) = 0, then x = y.
In order to solve similar problems, taking into account that the qualities could have a different relative importance, the same authors proposed in later works introducing the possibility of assigning different weights in the formula, creating what they called the weighted Hamming distance:
Where w i is the weight assigned a priori to each quality, fulfilling the equality The maximum and minimum level coefficient stems from the observation by Gil Lafuente (2001) that the idea by Kaufmann and Gil Aluja penalized both persons who did not reach the required level and those who had levels above the required level.
In the search for a possible solution, the author, based on a ranking of the characteristics in which the first k ones are penalized for both an excess and a deficit and the next s are penalized only for a deficit, provided the following formula for creating an index that could penalize excesses or deficits with regard to an ideal value, or only deficits:
Given that on certain occasions, it might also be interesting to penalize only excesses, an index is presented below that expands the previous index and also permits establishing the parameter for m characteristics in which we wish to penalize only excesses.
The formulation of the new index is based on an arrangement of the characteristics in which in the first k characteristics both the excess and deficit are penalized; for the next s characteristics, only a deficit is penalized; and in the last m characteristics, only an excess is penalized.
The general mathematical formula is:
It is interesting to observe that the generalized index uses the Hamming distance and two semi-distances to obtain a numerical value of between 0 and 1 that makes it possible to have an idea of the degree of deviation between a certain position and the ideal position. Values closer to zero represent better approximations to the ideal position.
Below is a simple mathematical numerical example with a single characteristic of each type. In other words, we have three characteristics for which it is necessary to penalize both the excess and the deficit for the first characteristic, only penalize the deficit for the second characteristic and penalize only the excess for the third characteristic. Therefore, the calculation of the index is based on the observation that k = 1, s = 1 and m = 1.
Let's assume that the ideal degrees of satisfaction with regard to outsourcing are those shown in Table 1 . Table 3 . Ideal values with penalization criteria, weights and situations at different moments Using the data in Table 3 , we obtain the index value for moment 1.
Next we obtain the index value for moment 2.
Finally, we obtain the index value for moment 3.
To demonstrate the potential of the new index, below is an example in a possible real-life situation that justifies the utility of the generalized index. Instead of characteristics, we will use the percentage of outsourcing as input values for the formula.
Application of the generalized index of maximum and minimum level in the local public sector
We will start with a town council that must provide services in each of the four groups of services presented in Section 2 of this work. Let's assume that when the government team begins its 4-year term, the ideal situation with the weights for each of the previous services were those shown in Table 4 , understanding that an ideal situation in a group is 50%, for example, is the same as saying that it is believed that 50% of the services in a group should be outsourced. Let's also assume that the government team decides that the groups of services related to the maintenance of the municipality and infrastructures should be penalized for not reaching the desired objectives, while the groups related to global attention to people would be penalized for exceeding the set objectives. By reorganizing the groups of services, we can generate Table 5 , which will give us a ranking in which the first k = 0 items are penalized for both an excess and a deficit, the s = 2 items are only penalized for a deficit and the last m = 2 items are penalized only for an excess, and thus it would make sense to use the generalized index of maximum and minimum level developed in the previous section. Finally, let's suppose that the town council conducts an annual review in order to have an indicator of whether the actions to progress from the initial situation to the ideal situation have been appropriate. The values for the situation at the start of the legislature and at the end of each of the first four years of mandate are shown in Table 6 . Based on the data in Tables 5 and 6 , we obtain the index value for the initial moment and the index values for the end of each year.
Weights of the importance of the service
The fact that, year after year, the index tends towards zero shows that the actions performed by the town council in order to approach the ideal situation have been appropriate in terms of its strategy. If the governing party had published the ideal situation and the initial situation and had given details about the justification of the division of the weights, voters should have been satisfied with the work done in this regard during their mandate, since the trend towards the 0 value, in consonance with the fact that the index ultimately does become 0, indicates that the town council has fulfilled 100% of the objectives established in this sense at the start of the term in office:
Conclusions
This work has presented a control tool to establish a measure that identifies whether a management team has improved or worsened the position of a public administration in an outsourcing strategy, with regard to certain established ideals. This measure must give the public administration a preliminary idea about the effectiveness of the actions taken in order to move closer to the ideal situation established as the ultimate objective of the outsourcing process. The work is a first approximation in this sense, as the tool used (a generalization of a tool used in works based on the fuzzy set theory) can be modified to include more extreme cases, such as penalties for moving too far away from a certain objective and doing nothing if we remain close to it. The incorporation of the perspective of the fuzzy set theory opens up enormous possibilities. The ability to use confidence intervals, triplets or Agnesi sets, to give just a few examples, opens up other new paths for future expansion. However, the merger of information is a new path to explore. Establishing mechanisms to find the ideal point based on several inputs or determining the weights of the importance of the service based on the opinions of several experts are possible examples in this direction.
This work has also provided a preliminary analysis classifying the different services that a local public administration must provide, and it allows us to perceive, through the defined mathematical analysis, which activities, services or groups of services, through a strategy defined by the managers, achieve adequate outsourcing levels with regard to the initial previsions. Likewise, it opens up a path to new mathematical formulas that, taking into account the strategic positioning of a local government, the correlation of its costs and the consequences of monitoring the services, among other variables, supports decision-making on internalizing or outsourcing certain services in town councils.
